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The spin-up of a neutron star crucially depends on the maximum orbital frequency around
it, as do a host of other high energy accretion phenomena in low mass X-ray binaries, includ-
ing quasi-periodic oscillations (QPOs) in the X-ray flux. We compare the maximum orbital
frequencies for MIT-bag quark stars and for neutron stars modeled with the FPS equation
of state. The results are based on relativistic calculations of constant baryon sequences of
uniformly rotating strange star models, and are presented as a function of the stellar rota-
tional frequency. The marginally stable orbit is present outside quark stars for a wide range
of parameters, but outside the FPS neutron stars it is present only for the highest values of
mass. This allows a discrimination between quark stars and neutron stars in the resonance
theory of kHz QPOs.
1 Introduction
If the recently discovered kHz QPOs 1 are a manifestation of strong gravity, they may be used
to constrain the external metric of the compact source and the equation of state of matter at
supranuclear densities. Kluz´niak et al.2 suggested that the mass of a neutron star may be derived
by observing the maximum orbital frequency, if it occurs in the marginally stable orbit, and that
the low frequency QPOs occurring in X-ray pulsars will have their counterpart in LMXBs, at
frequencies in the kHz range. Such kHz QPOs have indeed been discovered and their frequency
used to derive mass values of about 2M⊙, under the stated assumption.
3,4,5,6 In fact, the QPO
frequency may correspond to a larger orbit, and hence a smaller mass.7
The question whether quark stars may have maximum orbital frequencies as low as the
observed kHz QPO frequencies has also been investigated. Bulik et al.8,9 showed that slowly ro-
tating strange stars, described by the simple MIT bag model with massless and non-interacting
quarks, have orbital frequencies at the marginally stable orbit higher than the maximum fre-
quency of 1.07 kHz in 4U 1820-30, reported by Zhang et al.4. However, the ISCO frequencies can
be as low as 1 kHz when more sophisticated models of quark matter (with massive strange quarks
and lowest order QCD interactions) and/or rapid stellar rotation are taken into account.10,11,12,13
The lowest orbital frequency at the ISCO was found to be attained either for non-rotating mas-
sive configurations close to their maximum mass limit, or for configurations at the equatorial
mass-shedding limit for a broad range of stellar masses. The effect of the crust, if present,
has been investigated for normal evolutionary sequences.14 Typically the crust increases the
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Figure 1: Gravitational mass versus radius for sequences of constant baryon mass. Each sequence is labeled by this
baryon mass in solar mass units, as well as (in parentheses) by the gravitational mass of the static configuration,
if it exists. The angular momentum increases along each sequence from J = 0 for static configurations, or Jmin for
supramassive stars, to Jmax for the mass-shedding limit (thick solid line). The thick dashed lines indicate stars
marginally stable to axisymmetric perturbations. The left panel shows quark stars modeled with the MIT-bag
e.o.s. for massless non-interacting quarks. The right panel: neutron stars modeled with the FPS e.o.s. The
short-dashed lines correspond to rotating models for which the marginally stable orbit does not exist. The dotted
lines separate the models with and without a marginally stable orbit.
maximum orbital frequency at the Keplerian limit.
If the strange star configurations described by Dey et. al.15 are allowed, the rotational and
maximal orbital frequencies are much higher 16,17,18 than those for neutron star models, or for
the MIT-bag models of quark stars. The maximum orbital frequencies for the Dey et al. models
are always higher than the kHz QPO frequencies observed to date, and higher than 1.5 kHz for
stars with masses greater than 1M⊙.
2 Results
Here we summarize our studies of maximal orbital frequency of rotating quark stars. We focus
on neutron stars modeled with the FPS e.o.s.19, and on quark stars described by the simplified
MIT bag model (αc = ms = 0 and B = 60MeV/fm
3). Similar results are obtained for other
models of quark stars18,11,13,20 and neutron stars21,22. We have performed the calculations using
two different highly accurate relativistic codes.23,24
A comparison between the relevant properties of rotating quark stars and neutron stars
described by the FPS equation of state is afforded by Figures 1 and 2. The dotted lines separate
the models with and without a co-rotating marginally stable orbit.
The orbits around neutron stars21,22 have different properties than those around quark stars
(Figures 1, 2). We see that for quark stars with moderate and high baryon masses the marginally
orbit is always present at any rotation rate. For intermediate mass quark stars, stable orbits
extend down to the stellar surface for moderate rotation rates (the short-dashed models), but
the gap is present for either slowly or rapidly rotating stars. For the lowest mass stars, the
relativistic gap 25 is present only at high rotation rates.
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Figure 2: Maximum orbital frequency vs. the frequency of rotation Ω/2pi for the sequences of Fig. 1. One sequence
for a very low mass quark star (with Mb = 0.01M⊙) is shown, the critical point on this sequence for Newtonian
dynamical instability to non-axisymmetric perturbations is indicated by an asterisk and dynamically unstable
configurations are denoted with the dotted line. The various dashed lines have the same meaning as in Fig. 1
Note that the marginally stable orbit is present also for rapidly rotating quark stars of very
low mass - it has recently been discovered that the innermost stable circular orbit exists also
in Newtonian gravity, the gap between the marginally stable orbit and the stellar surface being
produced by the oblateness of the rapidly rotating low-mass quark star.26,27,28 This effect of
oblateness seems to be responsible for the “pushing outwards” of the marginally stable orbit
even for massive rotating quark stars (compare the discussion in Stergioulas et al.10).
Another consequence is that the period and the mass of rotating quark stars cannot be even
approximately inferred from the orbital frequencies alone—the same frequency in the innermost
stable orbit (e.g., 1.25 kHz for the model presented) is obtained for quark stars with rotational
periods ranging from infinity to about 0.6 ms, and the mass ranging from that of a planetoid
to about three solar masses.27,11 One should note however that quite likely the most rapidly
rotating stars are unstable.11,29
3 Astrophysical applications
To illustrate how these results may be used to constrain the e.o.s. of dense matter, let us assume
that the results of Figs. 1 and 2 are representative of quark stars and neutron stars. The recently
proposed theory of resonant origin of kHz QPOs 30,31 received strong observational support with
the discovery of two black hole sources in which the observed QPO frequencies are in a 2:3
ratio.32 According to that theory,7 the high frequency QPOs which come in pairs arise in an
accretion disk, presumed to be geometrically thin, as a result of parametric resonance between
the radial and vertical epicyclic frequencies. For a given metric, this occurs at a specific radius.
In the Schwarzschild metric, this resonance occurs at the radius r2:3 = 16.2 km×M/M⊙ and for
moderately rotating neutron stars at somewhat smaller radii.
For illustrative purposes suppose that in a star known to have a rotational period of no less
than a few milliseconds, a QPO at 1.37 kHz is detected and identified with the vertical epicyclic
frequency at the resonant radius r2:3. It follows, that the mass of the star must beM < 0.67M⊙
and the radius of the star must satisfy R < r2:3 < 10.9 km. The Schwarzchild values would be
M = 0.6M/M⊙ and R < 9.7 km, respectively. As is evident from the figures, these constraints
are not satisfied for any of the neutron star models (for the FPS equation of state), but are
easily satisfied by the quark star models. We conclude that, at least in principle, one can use
the difference in the orbital properties of quark and neutron stars to distinguish observationally
between the two classes of objects.
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